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Abstract
Let  be an eigenvalue of the graph G with multiplicity k. A star complement for  in G
is an induced subgraph H D G−X such that jXj D k and  is not an eigenvalue of G−X.
Various graphs related to (generalized) line graphs or their complements are characterized by
star complements corresponding to eigenvalues −2 or 1. © 1999 Elsevier Science Inc. All
rights reserved.
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0. Introduction
We take G to be an undirected graph without loops or multiple edges, with ver-
tex set V .G/ D f1; : : : ; ng, and with (0,1)-adjacency matrix A. Let P denote the
orthogonal projection of Rn onto the eigenspace E./ of A, and let fe1; : : : ; eng
be the standard orthonormal basis of Rn. Since E./ is spanned by the vectors
P ej .j D 1; : : : ; n/ there exists X  V .G/ such that the vectors P ej .j 2 X/ form
a basis for E./. Such a subset X of V .G/ is called a star set for  in G. (The
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terminology reflects the fact that the vectors P e1; : : : ; P en form a eutactic star in
the sense of Seidel [18]. In the context of star partitions [7, Section 7.1], star sets are
called star cells.) An equivalent definition which is useful in a computational context
is the following: if has multiplicity k then a star set for in G is a set X of k vertices
of G such that  is not an eigenvalue of G−X [7, Theorem 7.2.9]. Here G−X is
the subgraph of G induced by X, the complement of X in V .G/. Accordingly, the
graph G−X is called the star complement for  corresponding to X. (Such graphs
are called -basic subgraphs in [9].) If a single vertex is deleted from a graph then by
the Interlacing theorem [4, Theorem 0.19] the multiplicity of an eigenvalue changes
by 1 at most. Accordingly, the deletion of any r vertices from X.0 < r < k/ results
in a graph for which  is an eigenvalue of multiplicity k − r .
If X is a star set for the non-zero eigenvalue  of G then X is a dominating set
in G [7, Theorem 7.3.1]; moreover if  62 f−1; 0g then X is a location-dominating
set, meaning that the X-neighbourhoods of vertices in X are distinct and non-empty
[7, Corollary 7.3.6]. It follows that if  62 f−1; 0g and jXj D t then jXj < 2t ; thus
there are only finitely many graphs which have an eigenspace E./ . =D −1; 0/
with prescribed codimension t. In particular there are only finitely many graphs with
a prescribed star complement H D G−X corresponding to an eigenvalue  other
than −1 or 0. This observation, together with Theorem 0.1 below, is the basis for
determining the graphs with a prescribed star complement H (cf. [11,12]). This opens
up the possibility of characterizing some interesting graphs by their star comple-
ments. For example, the Schläfli graph of degree 10 [3, p. 32] is the unique maximal
graph with a star complement K2;5 corresponding to a multiple eigenvalue other
than −1 [11]. The graphs having a star complement with at most 5 vertices, for an
eigenvalue other than −1 or 0, are determined in [17].
In general, the eigenvalues−1 and 0 are necessary exceptions: if  D −1;X may
contain arbitrarily many pairwise adjacent vertices with the same closed neighbour-
hood, while if  D 0;X may contain arbitrarily many independent vertices with the
same open neighbourhood. This is because the rank of the adjacency matrix A (when
 D 0) or AC I (when  D −1) is independent of the number of these so-called
duplicate vertices (cf. [9, Section 1]). If duplicate vertices are excluded then again
only finitely many graphs arise for given t D jXj: these are the graphs described
by Ellingham [9] as reduced . D 0/ or co-reduced . D −1/. Accordingly, the
eigenvalues−1 and 0 afford no essential obstruction to star complement techniques.
We note that when  62 f−1; 0g and t > 1 the exponential bound jXj < 2t may
be improved to the quadratic bound jXj 6 12 .t − 1/.t C 4/ [12]. Consideration of the
line graph L.Kt /, for which E.−2/ has codimension t, shows that an upper bound of
order 12 t
2 for jXj is asymptotically best possible as t !1.
The following fundamental result combines the Reconstruction theorem [7, The-
orem 7.4.1] with its converse [7, Theorem 7.4.4].
Theorem 0.1. Let X be a set of vertices in the graph G and suppose that G has
adjacency matrix
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where AX is the adjacency matrix of the subgraph induced by X. Then X is a star
set for  in G if and only if  is not an eigenvalue of C and
I − AX D BT.I − C/−1B: (1)
Note that if X is a star set for  then the corresponding star complement H.D
G−X/ has adjacency matrix C, and Eq. (1) tells us that G is determined by ;H
and the H-neighbourhoods of vertices in X.
It is usually convenient to apply Eq. (1) in the form
m./.I − AX/ D BTm./.I − C/−1B; (2)
where m.x/ is the minimal polynomial of C. This is because m./.I − C/−1 is
given explicitly as follows. The proof is straightforward.
Proposition 0.2. Let C be a square matrix with minimal polynomial
m.x/ D xdC1 C cdxd C cd−1xd−1 C    C c1x C c0:
If  is not an eigenvalue of C then
m./.I − C/−1 D adCd C ad−1Cd−1 C    C a1C C a0I;
where (for 0 6 i 6 d)
ad−i D i C cdi−1 C cd−1i−2 C    C cd−iC1:
If G has H as a star complement for  with corresponding star set X then each
induced subgraphG− Y .Y  X/ also has H as a star complement for . Moreover
any graph with H as a star complement for  is an induced subgraph of such a
graph G for which X is maximal, because H-neighbourhoods determine adjacencies
among vertices in a star set. Accordingly, in determining all the graphs with H as
a star complement for , it suffices to describe the maximal graphs which arise.
As noted in [9,16] it follows from Theorem 0.1 that such graphs are determined by
maximal cliques in the extendability graph C.H;/ defined as follows. The vertices
of C.H;/ are the .0; 1/-vectors b in Rt such that hb;bi D ; and b1  b2 if and
only if hb1;b2i 2 f−1; 0g. Here, hx; yi D xT .I − C/−1y
We shall also require the following result. Recall that if the eigenspace E./ is
orthogonal to the all-1 vector j then  is called a non-main eigenvalue.
Proposition 0.3. Let X be a star set for the eigenvalue  in the graph G, let X D
V .G/nX and let H D G−X. For u 2 X let H C u be the subgraph of G induced
by X [ fug. Then  is a non-main eigenvalue ofG if and only if, for each u 2 X; 
is a non-main eigenvalue of H C u.
Proof. Let jV .G/j D n; jXj D k; jXj D t . In the notation of Theorem 0.1, E./
has a basis consisting of the vectors
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vu D

eu
.I − C/−1Beu

.u 2 X/;
where the vectors eu .u 2 X/ form the standard orthonormal basis of Rk: If we delete
from vu the entries corresponding to the vertices in Xnfug then the resulting vector
wu spans the eigenspace of  in H C u. Now each vu .u 2 X/ is orthogonal to the
all-1 vector in Rn if and only if each wu .u 2 X/ is orthogonal to the all-1 vector in
RtC1. 
We now turn to generalized line graphs. As usual in this context, CP.k/ denotes
a cocktail party graph, namely the regular graph of degree 2k − 2 on 2k vertices.
If G is a graph with vertices v1; : : : ; vn and if a1; : : : ; an are non-negative integers
then the generalized line graph L.GI a1; : : : ; an/ (or for short L.GI a/, where a D
.a1; : : : ; an// consists of disjoint copies of CP.a1/; : : : ;CP.an/ and L.G/ together
with edges from each vertex of CP.ai/ to a vertex e of L.G/ whenever vi 2 e: If  is
the least eigenvalue of such a graph then  > −2.
Consider a generalized line graph L.GI a/; where G is connected and PniD1 ai
> 0. The root graph of L.GI a/ is defined in [5] as the multigraph H obtained
from G by adding ai pendant double edges at vertex vi for each i D 1; : : : ; n. Then
L.GI a/ D L.H/ if we understand that in L.H/ two vertices are adjacent if and only
if the corresponding edges in H have exactly one vertex in common.
The connected graphs with least eigenvalue −2 have been classified in so far as
such a graph is either a generalized line graph (in particular a line graph) or a graph
representable in the root system E8 as described in [3, Chapter 3; 4, Chapter 6]. The
connected graphs with least eigenvalue greater than or equal to −2 which are not
generalized line graphs are called exceptional graphs.
We denote byRt .t > 4/ the graph obtained by adding t − 3 pendant edges to one
vertex of a triangle; and by Qt .t > 5/ the graph obtained from a triangle by adding
t − 4 pendant edges at one vertex and one pendant edge at another. Clearly both Rt
andQt are instances of a t-vertex unicyclic graph U whose cycle has odd length. For
any such graph U the line graph L.U/ has least eigenvalue greater than −2 [5] and
is a star complement for −2 in L.Kt / [8]. Now let G be any graph which has L.U/
as a star complement for −2. By interlacing,−2 is the least eigenvalue of G, and so
G is either a generalized line graph or an exceptional graph represented by the root
system E8. It was observed in [8] that if G is maximal then either G is a generalized
line graph of the form L.KsI a1; : : : ; as/ or G has at most 36 vertices. Moreover in
the situation that G D L.Kt/, the graph Rt is suggested in [1] as a canonical choice
for U (on the grounds that this graph is extremal in the lexicographical ordering of
the relevant graphs U by spectral moments) andQt is the next case. Here (in Section
2) we show that if U D Rt .t > 4/ and G is maximal then either t D 8 or G is a
generalized line graph L.Kt−pIp; 0; : : : ; 0/ .p D 0; 1; 2; : : : ; t − 3/.
It is well-known that the following formula holds (see, e.g., [4, p. 56]):
PG./ D .−1/n
− nC r C 1
C r C 1 PG.−− 1/;
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where G is a regular graph of degree r on n vertices and PG./ is the characteristic
polynomial of G. Since L.Kt / has least eigenvalue−2 of multiplicity 12 t .t − 3/, the
graph L.Kt / has the eigenvalue 1 with the same multiplicity. It turns out that L.Rt /
and L.Qt / are star complements for the eigenvalue 1. It is natural to ask whether in
this and similar situations the maximal graphs which have H as a star complement
for , and the maximal graphs which have H as a star complement for −− 1, are
complementary. We shall see that for our examples this indeed holds with relatively
few exceptions.
It is convenient to deal first with the case in which L.Rt/ is a star complement H
for the eigenvalue 1. Note that L.Rt / D K1;t−3 P[ 2K1. In Section 1 we show that
in this situation L.Kt / is the unique maximal connected graph which arises unless
t 2 f8; 12; 13g.
The methods of Sections 1 and 2 are extended in Section 3 to the case H D
L.Qt /;  D 1; and in Section 4 to the case H D L.Qt /;  D −2. In all cases our
objective is to bring the problem of determining the exceptional graphs which arise
within the scope of a computer calculation. Such calculations rely on the construction
of an extendability graph C.Ht I/ .Ht 2 fL.Rt/; L.Rt /; L.Qt /; L.Qt /g/ for a few
values of t and , using Algorithm 2.4 of [9] (cf. [6]).
To summarize, the graphs L.Rt /; L.Rt /; L.Qt /; L.Qt /, in the role of star com-
plements for eigenvalues 1;−2; 1 and −2, respectively, will be treated in Sections
1–4, giving rise to some line graphs and some exceptional graphs and their com-
plements, thus complementing results of [8] on the use of the star complement
technique. Section 5 contains a discussion of the results obtained.
1. The case H D L.Rt /;  D 1
In this section we take H D L.Rt/ D K1;t−3 P[ 2K1 .t > 5/ to be a star com-
plement for the eigenvalue 1 in a graph G. We introduce the partition V .H/ D
V1 P[ V2 P[ V3; where jV1j D 1; jV2j D s > 2; jV3j D 2 and E.H/ consists of all s
edges between V1 and V2. We suppose that  is not an eigenvalue of H and we
consider a graph G with a set X of vertices such that G−X D H . We say that a
vertex of X is of type .a; b; c/ if it has a neighbours in V1; b in V2 and c in V3. We
denote by X.a; b; c/ the set of vertices (from X) which are of type .a; b; c/. In Eq.
(2) we havem.x/ D x.x2 − s/,
C D
24 0 J1;s O1;2Js;1 Os;s Os;2
O2;1 O2;s O2;2
35
and
m./.I − C/−1 D
24 2 J1;s O1;2Js;1 .2 − s/Is C Js;s Os;2
O2;1 O2;s .2 − s/I2
35 ;
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where Jh;k denotes an all-1 matrix of size h k. LetAX D .auv/ and let the vertex u
of X have type .au; bu; cu/. For distinct u; v 2 X let u;v be the number of common
neighbours of u and v in H. As observed in [10], it follows from Theorem 0.1 that X
is a star set for  if and only if
2.2 − s/ D .2 − s/.au C bu C cu/C 2aubu C sa2u C b2u (3)
for all u 2 X, and
−.2 − s/auv D .2 − s/uv C .aubv C avbu/C sauav C bubv (4)
for all distinct u; v 2 X.
In particular, from Eq. (3), 1 is an eigenvalue of the graph obtained from H by
adding a vertex of type .a; b; c/ if and only if
.1− s/.a C b C c − 1/C 2ab C a2s C b2 D 0: (5)
Here a 2 f0; 1g; b 2 f0; 1; : : : ; sg and c 2 f0; 1; 2g. For each of the six possibil-
ities for .a; c/ we find the solutions b; s of Eq. (5).
The solutions for c D 0 are already known from the treatment of the case H D
K1;s in [10]: the disconnected graphs which arise here will naturally include the
graphs G0 P[ 2K1, where G0 has K1;s as a star complement for the eigenvalue 1. In
particular, if .a; c/ D .0; 0/ then the only solution of Eq. (5) is .b; s/ D .2; 5/. In this
situation Eq. (4) shows that all ( 52 vertices of type .0; 2; 0/ can be added simultan-
eously: the graph obtained is the Cl P[ 2K1 where Cl denotes the Clebsch graph [3, p.
35] and X induces a Petersen graph (cf. [12]). If .a; c/ D .1; 0/ then Eq. (5) becomes
b2 C .3− s/b C s D 0 with solutions .b; s/ D .3; 9/; .2; 10/; .5; 10/ [10].
Consider the case c D 1. If .a; c/ D .0; 1/ then Eq. (5) becomes .1− s/b C b2 D
0, equivalently b 2 f0; s − 1g. If .a; c/ D .1; 1/ then Eq. (5) becomes .1− s/b C
.b C 1/2 D 0, with the unique solutions .b; s/ D .1; 5/.
Finally consider the case c D 2. If .a; c/ D .0; 2/ then Eq. (5) has no solution,
while if .a; c/ D .1; 2/, Eq. (5) is equivalent to the relation b D s − 2.
The above conclusions are summarized in Table 1.
It follows that if s 62 f5; 9; 10g then each vertex in X is of one of the three types
.0; 0; 1/; .0; s − 1; 1/; .1; s − 2; 2/. A vertex u of type .0; 0; 1/ is exceptional for if
v is any other vertex in X then auv D uv D 0 from Eq. (4), and it follows that u lies
in a component of G isomorphic to K2. Accordingly, we can consider the following
cases.
(i) jX.0; 0; 1/j D 0: now we can add to H at most 2s vertices of type .0; s − 1; 1/
and
(
s
2

vertices of type .1; s − 2; 2/. These all occur in L.KsC3/.
Table 1
All s > 2 s D 5 s D 9 s D 10
.0; 0; 1/ .0; 2; 0/ .1; 3; 0/ .1; 2; 0/
.0; s − 1; 1/ .1; 1; 1/ .1; 5; 0/
.1; s − 2; 2/
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Fig. 1. Components of an eigenvector.
(ii) jX.0; 0; 1/j D 1: now by Eq. (4) all vertices of X but one are of type
.0; s − 1; 1/, and moreover they are mutually non-adjacent. It follows that G
is a subgraph of L.K2;sC1/ P[ K2.
(iii) jX.0; 0; 1/j D 2: now no further vertices can be added, and soG D K1;s P[ 2K2.
Since t D s C 3 we have the following result.
Theorem 1.1. LetG be a maxmimal graph with L.Rt / .t > 5/ as a star complement
for the eigenvalue 1. If t =D 8; 12; 13 then one of the following holds:
(i) G D L.Kt/I
(ii) G D L.K2;t−2/ P[ K2I
(iii) G D K1;t−3 P[ 2K2.
We describe next the exceptional graphs G which arise when s D 5. In this case
each vertex in X is one of the types .0; 0; 1/; .0; 4; 1/; .1; 3; 2/; .0; 2; 0/ and .1; 1; 1/.
Suppose first that a vertex of type .0; 0; 1/ is not present: then 1 is a non-main
eigenvalue of G. This follows from Proposition 0.3 because 1 is not a main eigen-
value of H C u when u is of type .0; 4; 1/; .1; 3; 2/; .0; 2; 0/ or .1; 1; 1/. This last
observation may be verified by direct construction of a 1-eigenvector orthogonal to
j, but it is already known for vertices of type .0; 4; 1/; .1; 3; 2/ from the fact that
both occur in the regular graph L.K8/; and for a vertex of type .0; 2; 0/ from the
fact that such vertices occur in Cl P[ 2K1. The components of a 1-eigenvector of
H C u when u is of type .1; 1; 1/ are shown in Fig. 1. The only constraint imposed
on H C uC v imposed by Eq. (4) is that the H-neighbourhoods of u and v are not
complementary. Now let G* be the graph obtained from the (connected) graph G
by switching with respect to X.0; 2; 0/ P[ X.1; 1; 1/. For a vertex in the switching
set, the H-neighbourhoods before and after switching are complementary. Moreover,
since 1 is not a main eigenvalue of G, it remains an eigenvalue of G* with the
same multiplicity. The set X remains a star set for 1 and K1;5 P[ 2K1 remains as
the corresponding star complement; but in G* all vertices in X are of type .0; 4; 1/
or .1; 3; 2/. It follows that G* is a subgraph of L.K8/.
If X has one vertex of type .0; 0; 1/ then as in Theorem 1.1, this vertex lies in a
componentK2 of G, and the candidates for the remaining vertices of X are five ver-
tices of type .0; 4; 1/, five of type .1; 1; 1/ and all 10 of type .0; 2; 0/. Eq. (4) shows
that all 20 of these vertices can be added simultaneously; in fact the resulting graph
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is Sch, the Schläfli graph of degree 10 as constructed in [3, p. 32]. Thus Sch P[ K2 is
the unique maximal graph G which arises in this case.
If X contains both vertices of type .0; 0; 1/ then G has two componentsK2 of G,
and the remaining vertices of X are of type .0; 2; 0/. All 10 such vertices arise in
the Clebsch graph and so we have the following result. (In formulating this result,
we use the fact that switching with respect to a set Y is the same as switching with
respect to its complement Y .)
Theorem 1.2. If G is a maximal graph with L.R8/ as a star complement H for the
eigenvalue 1 then one of the following holds:
(i) G is equal to L.K8/ or is obtained from L.K8/, by switching with respect to a
set of vertices containing V(H);
(ii) G D Sch P[ K2;
(iii) G D Cl P[ 2K2.
The additional graphs which arise when s 2 f9; 10g may be found as in [6] from
cliques in the corresponding extendability graph C.K1;2 P[ 2K1I 1/.They will feature
in a subsequent paper devoted to exceptional graphs, but we note here how a general
description can be given in terms of the family of sets V2.u/.u 2 X/, where V2.u/ D
fw 2 V2 V w  ug. (Note that in view of Theorem 0.1, a graph G with prescribed
eigenvalue and prescribed star complementH D G− X is determined completely
by specifying the H-neighbourhood of each vertex in X.) For example, when s D 9,
let u be a vertex of type .1; 3; 0/, and let v be a second vertex in X. If v is of type
.0; 8; 1/ then we find from Eq. (4) that auv D 1 and uv D 3, equivalently u  v and
V2.u/  V2.v/. If v is of type .1; 7; 2/ then similarly u  v and V2.u/  V2.v/. If v
is of type .1; 3; 0/ then auv C uv D 3, whence either u  v and jV2.u/ \ V2.v/j D 1
or u 6 v and jV2.u/ \ V2.v/j D 2. Accordingly, letF be an intersecting family of 3-
subsets of V2 (in the sense of [2, p. 47]) which is maximal in the sense thatF cannot
be extended by any 3-subset of U.F/, where U.F/ D [fY V YFg. Let GF be the
graph obtained from H by adding (i) all vertices u of type .1; 3; 0/ with V2.u/ 2
F, (ii) all vertices v of type .0; 8; 1/ or .1; 7; 2/ with U.F/  V2.v/. Since the
intersection of the neighbourhoodsV2.v/ isU.F/, we know that any maximal graph
with K1;9 P[ 2K1 as a star complement for 1 is a graphGF for some maximalF.
2. The case H D L.Rt /;  D −2
Here we assume that t > 4 and we take V .H/ D V .H/ D V1 P[ V2 P[ V3 as in
Section 1. Since H has 0 as a main eigenvalue of multiplicity t − 2, we know that
H has −1 as an eigenvalue of multiplicity t − 3. In particular, H has at most four
distinct eigenvalues. On the other hand H has a divisor with matrix
D D
0@0 0 20 t − 4 2
1 t − 3 1
1A
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Table 2
All t > 5 t D 8
.0; 2; 0/ .1; 0; 0/
.1; 1; 1/ .0; ; 1/
.0; t − 4; 2/ .1; ; 2/
determined by vertices of degree 2; t − 2; t − 1, respectively. It follows that H has
minimal polynomialm.x/ D .x C 1/ det.xI −D/, that is,
m.x/ D x4 − .t − 4/x3 − .2t − 3/x2 C .t − 8/x C 2t − 8: (6)
Note that m.−2/ D 4 and by Proposition 0.2,
4.−2I − C/−1 D .t − 6/I − C − .t − 2/C2 C C3:
We apply Eq. (2) with  D −2,
C D
24 0 01;t−3 J1;20t−3;1 Jt−3;t−3 − It−3 Jt−3;2
J2;1 J2;t−3 J2;2 − I2
35
and
m./.I − C/−1 D −4I C
24 −t C 4 −2J1;t−3 .t − 2/J1;2−2J1;2 Ot−3;t−3 2Jt−3;2
.t − 2/J2;1 2J2;t−3 .−t C 4/J2;2
35 :
Now letH C u be the graph obtained from H by adding a vertex u of type .a; b; c/
(cf. Section 1). From Eq. (2) with X D fug we can find the values of .a; b; c/ for
which H C u has −2 as an eigenvalue. We have
−8 D −4.a C b C c/C .−t C 4/.a2 C c2/− 4abC 4bcC 2.t − 2/ac;
and we consider in turn the six possibilities for .a; c/. We find that u is one of the
following types noted in Table 2 (here  denotes any integer between 0 and t − 3/:
Thus when t =D 8;H C u has −2 as an eigenvalue if and only if u is of type
.0; 2; 0/, .1; 1; 1/ or .0; t − 4; 2/. Moreover we know that all

t−3
2

possible vertices
of type .0; 2; 0/ and all 2.t − 3/ possible vertices of type .1; 1; 1/ occur in L.Kt/.
To determine the vertices v which can occur simultaneously with a vertex u of type
.0; t − 4; 2/ we equate .u; v/-entries in Eq. (2). As usual, let uv D jC.u/ \ C.v/j,
where C.u/ denotes the X-neighbourhood of u. We obtain
−4auvD− 4uv C .−t C 4/.auav C cucv/− 2.aubv C avbu/
C 2.bucv C bvcu/C .t − 2/.aucv C avcu/:
It follows that if v is of type .0; 2; 0/ a necessary and sufficient condition for
H C uC v to have −2 as a double eigenvalue is that auv D uv − 2. This equa-
tion is satisfied if and only if u 6 v and C.v/  C.u/. If v is of type .1; 1; 1/ we
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Fig. 2. Three types of edge v.
again obtain auv D uv − 2, an equation which is satisfied if and only if u 6 v and
C.v/ \ V2  C.u/. If v is of type .0; t − 4; 2/ then we obtain auv D uv − .t − 4/,
that is, auv D 1, and so there is no constraint on the X-neighbourhoods of u and
v in this case. Now suppose that G is maximal, with precisely p vertices of type
.0; t − 4; 2/ in X, constituting the subset X0 .0 6 p 6 t − 3/. In view of the con-
straints identified above,X − X0 consists of all vertices v of type .1; 1; 1/ or .0; 2; 0/
such that C.v/ \ V2  C.u/ for all u 2 X0. It follows that G is the generalized line
graph L.Kt−pIp; 0; 0; : : : ; 0/. To see this it suffices to observe (cf. [5]) that this
graph may be constructed as L.Ht−p;p/ where Ht−p;p is the multigraph obtained
from Kt−p by adding p double pendant edges at a single vertex: here two vertices
in L.Ht−p;p/ are adjacent if and only if the corresponding edges of Ht−p;p have a
single vertex in common. Fig. 2 shows the three possible ways in whichH C uC v
arises as a line graph when u is of type .0; t − 4; 2/. It is now clear that when there are
exactly p vertices of type .0; t − 4; 2/ all other possible vertices occur in L.Ht−p;p/.
Thus our argument shows how generalized line graphs can be constructed in terms
of families of sets C.u/.u 2 X/, and we have the following result.
Theorem 2.1. If G is a maximal graph with L.Rt/ .t > 4/ and t =D 8 as a star
complement for−2, then G D L.Kt−pIp; 0; 0; : : : ; 0/ .0 6 p 6 t − 3/.
We now make one observation concerning the exceptional case t D 8. If −2 is a
non-main eigenvalue of G then 1 is a non-main eigenvalue of G and we can apply
Theorem 1.2. Note that G has no vertex of type .0; 0; 1/ because G has no vertex of
type .1; 5; 1/, and it follows that if G is maximal then G is switching equivalent to
L.K8/. We summarize our results as follows.
Theorem 2.2. If G is a maximal graph with L.R8/ as a star complement H for−2,
then one of the following holds:
(i) G is equal to L.K8/, or is obtained from L.K8/ by switching with respect to a
set of vertices containing V(H);
(ii) −2 is a main eigenvalue ofG.
The exceptional graphs which arise in case (ii) can be found as in [6] from
maximal cliques in the extendability graph C.L.R8/I −2/. The additional types of
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Fig. 3. The graph L.Qt /:
vertices which need to be taken into consideration are of types .1; 0; 0/, .0; b; 1/ and
.1; b; 2/.
3. The case H D L.Qt/;  D 1
The graph L.Qt / is illustrated in Fig. 3: it consists of an isolated vertex together
with the graph obtained from K2;s .s D t − 4/ by adding a pendant edge at a vertex
of degree s. We take H D L.Qt / .t > 6/, with adjacency matrix
C D
266664
0 O1;s 0 0 0
Os;1 Os;s Js;1 Js;1 Os;1
0 J1;s 0 0 1
0 J1;s 0 0 0
0 O1;s 1 0 0
377775 :
When  D 1, Eq. (2) becomes
s.AX − I/ D BT
266664
−s O1;s 0 0 0
Os;1 Js;s − sIs Js;1 Os;1 Js;1
0 J1;s 1− s s 1− s
0 O1;s s −s s
0 J1;s 1− s s 1− 2s
377775B: (7)
As before, we find first the vertices u for which 1 is an eigenvalue of H C u.
We say that u is of type .a; b; c; d; e/ if the number of its neighbours of degree
0; 2; s C 1; s; 1 in H is a; b; c; d; e, respectively (with the obvious interpretation if
s D 2). Thus each of a; c; d; e is 0 or 1, while b 2 f0; 1; : : : ; sg. On equating .u; u/-
entries in Eq. (2) for each of the 16 possibilities for .a; c; d; e/ we find that 1 is an
eigenvalue of H C u if and only if u is one of the types noted in Table 3.
It is straightforward to check that for any t > 6, all possible vertices of the first
six types listed in column 1 of Table 3 arise in L.Kt/.
Now suppose that u is the unique vertex of the seventh type .1; 0; 0; 0; 0/ and
that our star set X contains also a vertex v of type .a; b; c; d; e/. On equating .u; v/-
entries in Eq. (7) we obtain sauv D −sa; whence a D 0 and u is not adjacent to
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Table 3
All s > 2 s D 4 s D 8 s D 9
.1; s − 2; 1; 1; 1/ .0; 2; 0; 0; 0/ .0; 3; 1; 1; 0/ .0; 5; 1; 1; 0/
.1; s − 1; 1; 0; 0/ .0; 1; 0; 1; 1/ .0; 2; 1; 1; 0/
.0; s − 1; 0; 0; 1/ .1; 1; 1; 1; 0/
.0; 0; 0; 1; 0/ .1; 4; 1; 0; 1/
.1; s − 1; 0; 1; 1/ .0; 1; 1; 0; 0/
.1; s;0; 0; 0/ .0; 0; 1; 1; 1/
.1; 0; 0; 0; 0/
.0; s;0; 1; 0/
v. It follows that in this case G has a component K2. If G is maximal the remain-
ing vertices in X are either all possible vertices of types .0; s − 1; 0; 0; 1/ and type
.0; 0; 0; 1; 0/, or the unique vertex of type .0; s; 0; 1; 0/. From Eq. (7) we see also
that in the former case only vertices of different types are adjacent. Consequently we
find that G is either L.K2;t−2/ P[ K2 or Kt−3  C4 P[ K2 .where Kt−3  C4 denotes
the coalescence of Kt−3 and C4 at a single vertex).
Next suppose that u is the unique vertex of the eighth type .0; s; 0; 1; 0/ and X
contains also a vertex v of type .a; b; c; d; e/. On equating .u; v/-entries in Eq. (7)
we obtain
sauv D s.2c − d C 2e/; (8)
which yields three solutions: u 6 v; c D d D e D 0I u  v; c D 0; d D e D 1I
u  v; c D d D 1; e D 0.
It follows that if G is connected and s =D 4; 8; 9 then v is of type .1; s; 0; 0; 0/
or type .1; s − 1; 0; 1; 1/. Moreover, from Eq. (7), we see that among vertices in X
edges exist only between u and all vertices of type .1; s − 1; 0; 1; 1/. On the other
hand, all s C 1 vertices as v may be added to H along with u to obtain a uniquely
determined graph G.t/ on 2t − 2 vertices with 1 as an eigenvalue of multiplicity
t − 2. The complement of G.t/ may be constructed by adding to L.K2;t−2/ two
non-adjacent vertices both adjacent to the same four vertices that induce C4.
We summarize our results as follows.
Theorem 3.1. Let G be a maximal graph with L.Qt / .t > 6/ as a star complement
for the eigenvalue 1. If t 62 f8; 12; 13g then one of the following holds:
(i) L.Kt /I
(ii) G D G.t/I
(iii) G D L.K2;t−2/ P[ K2I
(iv) G D Kt−3  C4 P[ K2.
The exceptional graphs which arise when t 2 f12; 13g are not considered here. In
the case t D 8, X may contain vertices of the six additional types noted in column
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2 of Table 3. In this situation, Eq. (7) shows that X contains no pair of vertices
whose H-neighbourhoods are complementary. Any selection of vertices which meets
this requirement, and which does not contain the vertices of type .0; 4; 0; 1; 0/ or
.1; 0; 0; 0; 0/, arises in a graph obtained fromG D L.K8/ by switching with respect
to the appropriate set of vertices in X. It follows that if G is maximal then G can
be obtained from L.K8/ by switching with respect to a set of vertices containing
V .H/.
Now suppose that the vertex u of type .0; 4; 0; 1; 0/ appears in X. By Eq. (8),
the other vertices in X are of types .1; 3; 0; 1; 1/, .1; 4; 0; 0; 0/, .1; 0; 0; 0; 0/,
.0; 2; 0; 0; 0/, .0; 1; 0; 1; 1/ or .1; 1; 1; 1; 0/. If the vertex of type .1; 0; 0; 0; 0/ is
not present then 19 possible vertices remain; and they all occur in the graph obtained
from L.K8/ by switching with respect to the set of vertices of type .1; 2; 1; 1; 1/,
.1; 3; 1; 0; 0/ or .0; 3; 0; 0; 1/. It follows that if G is maximal then G is the 28-
vertex graph G28 which can be constructed from H by adding these 19 vertices
along with u. If the vertex v of type .0; 0; 0; 0; 1/ appears in X then as before G
has a componentK2; moreover the vertices of types .1; 3; 0; 1; 1/, .1; 4; 0; 0; 0/ and
.1; 1; 1; 1; 0/ are then excluded, leaving 10 candidates in addition to the two vertices
u; v. The foregoing observations show that these 10 candidates arise simultaneously
in a graph switching equivalent to L.K8/. It follows that if G is maximal then
G D G18 P[ K2, where G18 is the non-trivial component of the graph obtained from
H by adding these 10 vertices along with u and v. Accordingly we have the following
result.
Theorem 3.2. IfG is a maximal graph with L.Q8/ as a star complementH for the
eigenvalue 1 then one of the following holds:
(i) G is equal to L.K8/, or is obtained from L.K8/ by switching with respect to a
set of vertices containing V .H/;
(ii) G D G28;
(iii) G D Sch P[ K2;
(iv) G D G18 P[ K2.
4. The case H D L.Qt/;  D −2
The graph L.Qt / is illustrated in Fig. 4: it consists of a clique of size t − 2 with
two vertices distinguished; two vertices outside the clique are mutually adjacent; one
is adjacent to both distinguished vertices of the clique, and the other to only one. We
take H D L.Qt / .t > 6I s D t − 4/, with the adjacency matrix
C D
266664
0 J1;s 1 1 1
Js;1 Js;s − Is Os;1 Os;1 Js;1
1 O1;s 0 1 0
1 O1;s 1 0 1
1 J1;s 0 1 0
377775 :
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Fig. 4. The graph L.Qt /:
Table 4
All s > 2 s D 4
.0; 2; 0; 0; 0/ .0; ; 0; 0; 1/
.0; 1; 0; 1; 1/ .0; 0; 0; 1; 0/
.0; 1; 1; 0; 0/ .1; ; 0; 0; 0/
.0; 0; 1; 1; 1/ .1; ; 0; 1; 1/
.1; s; 1; 0; 1/ .1; ; 1; 0; 0/
.1; 1; 1; 1; 0/ .1; ; 1; 1; 1/
.1; s − 1; 0; 0; 1/
.1; 0; 0; 1; 0/
When  D −2, Eq. (2) becomes
4AX C 8I D BT
266664
s C 4 −2J1;s −2 −s s − 2
−2Js;1 4Is Os;1 2Js;1 −2Js;1
−2 O1;s 4 −2 2
−s 2J1;s −2 s C 4 −s − 2
s − 2 −2J1;s 2 −s − 2 s C 4
377775B: (9)
Again, we find first the vertices u for which −2 is an eigenvalue of H C u. We
say that u is of type .a; b; c; d; e/ if the number of its neighbours of degree s C 3;
s − 1; 2; 3; s C 2 in H is a; b; c; d; e, respectively (with the obvious interpretation if
s D 3 or 4/. Thus each of a; c; d; e is 0 or 1, while b 2 f0; 1; : : : ; sg. On equating
.u; u/-entries in Eq. (9) for each of the 16 possibilities for .a; c; d; e/ we find that
−2 is an eigenvalue of H C u if and only if u is of one of the types noted in Table 4
(here  denotes any integer between 0 and s).
Next we investigate which pairs of vertices can be added to H to yield a graph
with −2 as a double eigenvalue. We note that
(i) for any t > 6, all 12 t .t − 3/ possible vertices of the first six types listed in
column 1 of Table 4 arise in L.Kt /;
(ii) all t − 3 possible vertices of the last two types listed in column 1 of Table 4
occur in L.Kt−3I t − 4; 1; 0; : : : ; 0/;
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(iii) if u is of type .a; b; c; d; e/ and v is of type .1; 0; 0; 1; 0/ then, on equating
.u; v/-entries in Eq. (2) we find that
auv D a − cC d − eI (10)
(iv) if u is of type .a; b; c; d; e/ and v is of type .1; s − 1; 0; 0; 1/ then similarly
auv D a − b C uv − d C e; (11)
where u;v is the number of common neighbours of u and v in H of degree s − 1 in
H.
Now suppose that the graph G, with L.Qt / .t > 4/ as a star complement for −2,
has precisely p vertices of type .1; s − 1; 0; 0; 1/ .0 6 p 6 t − 4/. If the vertex of
type .1; 0; 0; 1; 0/ is absent then the constraints imposed by Eq. (11) ensure that G
has at most . s−p2 / vertices of type .0; 2; 0; 0; 0/, at most s − p vertices of each of
the types .0; 1; 0; 1; 1/; .0; 1; 1; 0; 0/; .1; 1; 1; 1; 0/ and at most one vertex of each
of the types .0; 0; 1; 1; 1/; .1; s; 1; 0; 1/. On the other hand, each of these maxima is
attained in L.Kt−p−1Ip; 0; : : : ; 0/ and so this is the unique maximal graph which
can arise in this case.
If the vertex of type .1; 0; 0; 1; 0/ is present then the effect of Eq. (10) is to
preclude vertices of types .0; 1; 1; 0; 0/; .0; 0; 1; 1; 1/ and .1; s; 1; 0; 1/. The remain-
ing maxima are attained in L.Kt−p−1Ip; 1; 0; : : : ; 0/. Accordingly we have the
following result.
Theorem 4.1. If G is a maximal graph with L.Qt / .t > 4/ and t =D 8 as a star
complement for the eigenvalue −2; then G D L.Kt−p−qIp; q; 0; : : : ; 0/ .0 6 p 6
t − 4; 0 6 q 6 1/.
We now make one observation concerning the exceptional case t D 8. If −2 is a
non-main eigenvalue of G then 1 is a non-main eigenvalue of G and we can apply
Theorem 3.2. Note that in the case t D 8, X may contain vertices of the additional
types noted in column 2 of Table 4.
Theorem 4.2. IfG is a maximal graph with L.Q8/ as a star complement H for−2;
then one of the following holds:
(i) G is equal to L.K8/; or is obtained from L.K8/ by switching with respect to a
set of vertices containing V .H/;
(ii) −2 is a main eigenvalue ofG.
5. Concluding remarks
The reason for the exceptional value t D 8 in treating L.Rt / and L.Qt / as star
complements for the eigenvalue −2 is well understood from the theory of graphs
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with the least eigenvalue −2 (cf. [4, pp. 378–381]); in particular it is explained by
the existence of the exceptional root system E8.
The occurrence of t D 8 as an exceptional value in both cases L.Rt/ and L.Rt /
is explained by the fact that if G is connected with star complement H D L.R8/
for eigenvalue  D 1, then  is a non-main eigenvalue of G. Then −1−  is a
non-main eigenvalue of G, and it turns out that G can be obtained from L.K8/ by
switching with respect to a subset of a star set X (cf. Theorem 2.2). Note that the
graphs obtained in this way are non-regular and hence different from the three Chang
graphs, also constructible from L.K8/ by switching ([3, p. 60; 7, p. 5]).
It is interesting to compare maximal graphs for the following pairs of star com-
plements (and associated eigenvalues−2 or 1).
(1) L.Rt / and L.Qt /: here there are two common maximal graphs, and an addi-
tional graphG.t/ always arises in the latter case. This fact suggests that perhaps
canonical star complements yield a minimal number of maximal graphs and are
suitable for graph characterizations.
(2) L.Rt / and L.Qt /: here an additional generalized line graph arises in the latter
case. By a result of [8], already mentioned in Section 0, we see why this is so:
if L.S/ is a star complement, any pendant edge of S can become a double edge
of the root graph of the corresponding generalized line graph that is a maximal
graph for L.S/. Thus double edges can be attached to only one vertex of Rt
while in Qt they can appear at two vertices.
(3) L.Rt / and L.Rt/: if we restrict ourselves to connected maximal graphs, we
find that generalized line graphs arise in the latter case, only line graphs in the
former case. The exceptional maximal graphs which arise in the former case
when t D 12 or t D 13 have no counterparts in the latter case: this is because 1
is a main eigenvalue of any graph obtained from L.Rt / by adding a vertex of a
type which does not arise in L.Kt /.
(4) L.Qt / and L.Qt /: in each case there is at least one graph whose complement
does not arise in the other case.
References
[1] F.K. Bell, D. Cvetkovic´, P. Rowlinson, S.K. Simic´, Some additions to the theory of star partitions,
Discussiones Mathematicae, to appear.
[2] B. Bollobás, Combinatorics, Cambridge University Press, Cambridge, 1986.
[3] P.J. Cameron, J.H. van Lint, Designs, Graphs, Codes and Their Links, Cambridge University Press,
Cambridge, 1991.
[4] D. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs, third edition, Johann Ambrosius Barth Verlag,
Heidelberg, 1995.
[5] D. Cvetkovic´, M. Doob, S. Simic´, Generalized line graphs, J. Graph Theory 5 (1981) 385–399.
[6] D. Cvetkovic´, M. Lepovic´, P. Rowlinson, S.K. Simic´, A database of star complements of graphs,
Univ. Beograd, Publ. Elektrotehn. Fak. Ser. Mat., 9 (1998) 103–112.
[7] D. Cvetkovic´, P. Rowlinson, S. Simic´, Eigenspaces of Graphs, Cambridge University Press,
Cambridge, 1997.
D. Cvetkovic´ et al. / Linear Algebra and its Applications 301 (1999) 81–97 97
[8] D. Cvetkovic´, P. Rowlinson, S.K. Simic´, Graphs with least eigenvalue −2: the star complement
technique, to appear.
[9] M.N. Ellingham, Basic subgraphs and graph spectra, Australasian J. Combinatorics 8 (1993) 247–
265.
[10] P.S. Jackson, Star sets and related aspects of algebraic graph theory, Ph.D. Thesis, University of
Stirling.
[11] P.S. Jackson, P. Rowlinson, On graphs with complete bipartite star complements, Linear Algebra
Appl. 298 (1999) 9–20.
[12] P. Rowlinson, Star sets in regular graphs, J. Comb. Math. & Comb. Computing, to appear.
[13] P. Rowlinson, Dominating sets and eigenvalues of graphs, Bull. London Math. Soc. 26 (1994) 248–
254.
[14] P. Rowlinson, Star sets and regularity in graphs, Linear Algebra Appl. 226–228 (1995) 247–265.
[15] P. Rowlinson, On graphs with multiple eigenvalues, Linear Algebra Appl. 283 (1998) 75–85.
[16] P. Rowlinson, Star sets and star complements in finite graphs: a spectral construction technique,
Proc. DIMACS Workshop on Discrete Mathematical Chemistry, March 1998, to appear.
[17] P. Rowlinson, F.K. Bell, Graph eigenspaces of small codimension, to appear.
[18] J.J. Seidel, Eutactic stars, in: A. Hajnal, V.T. Sós (Eds.), Combinatorics, North-Holland, Amsterdam,
1978, pp. 983–999.
